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Electromagnetic waves around dilatonic stars and naked singularities
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We study the propagation of classical electromagnetic waves on the simplest four-dimensional
spherically symmetric metric with a dilaton background field. Solutions to the relevant equations
are obtained perturbatively in a parameter which measures the strength of the dilaton field (hence
parameterizes the departure from Schwarzschild geometry). The loss of energy from outgoing modes
is estimated as a back-scattering process against the dilaton background, which would affect the
luminosity of stars with a dilaton field. The radiation emitted by a freely falling point-like source
on such a background is also studied by analytical and numerical methods.
PACS numbers: 04.50.+h, 04.70.-s, 97.60.Lf
I. INTRODUCTION
The occurrence of violations of the Equivalence Princi-
ple is a subject of continuing investigation in the commu-
nity of general relativists, both theoretically and experi-
mentally [11]. A possible source for such effects would be
the existence of a scalar component of gravity, which nat-
urally emerges in string theories and is usually referred to
as the dilaton. Solar system tests rule out such a possi-
bility to a very high precision in the weak field regime [1].
However, it cannot be excluded that the picture is differ-
ent in regions of strong gravitational fields, such as those
that can be found around very dense compact sources. It
is therefore interesting to study solutions of the Einstein
field equations with a scalar field.
In this paper, we study the propagation of electro-
magnetic (EM) waves on the background of the Janis-
Newman-Winicour (JNW) solution [2]. The correspond-
ing metric is spherically symmetric and asymptotically
flat, but the static dilaton field is not trivial. Although
the JNW space-time is known to contain a naked singu-
larity, it is possible to make it physically useful by suit-
ably cutting the space outside the singular point and then
sewing a (spherically symmetric) regular inner patch to
complete the space-time manifold. Provided this proce-
dure is carried out consistently, one can then describe
compact astrophysical sources such as stars with a dila-
ton field. In this context, the JNW metric has recently
attracted some interest in relation to (strong) gravita-
tional lensing effects [3].
When the source of EM radiation is placed at the cen-
ter and is also spherically symmetric, a convenient way
of deriving the relevant wave equations is to make use
of the Newman-Penrose (NP) formalism [4]. The exact
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equations thus obtained would however be exceedingly
complicated in the full-fledged JNW metric. Therefore,
in order to make some progress, we shall introduce a pa-
rameter which is related to the asymptotic strength of the
dilaton field and can be smoothly perturbed away from
the Schwarzschild limit. One then finds that the corre-
sponding wave equations can be solved analytically when
the dilaton is sufficiently weak far away from the source
and expressions for the ingoing and outgoing modes will
be obtained in this approximation. As a straightfor-
ward application of this analysis, we shall consider the
relative darkening of radiation emitted by a star placed
at the center of the system with respect to the vacuum
Schwarzschild case. The main result is that such an ef-
fect turns out to be inversely proportional to the star
radius and to depend on the emitted energy (but not on
the wave frequency, contrary to what was found for a
rotating black hole [5] in Ref. [6]).
A more complicated problem is to obtain the spec-
trum of the radiation emitted by a freely falling, electri-
cally charged, point-like source in the JNW background.
The wave equations now contain the energy-momentum
density of the falling particle and must be solved numer-
ically for various values of the perturbing parameter in
order to compare the emitted power to the analogous
case in Schwarzschild. A preliminary analytical anal-
ysis will show that some effect is already expected at
large distance from the center, however most radiation
would be emitted near the singularity where tidal forces
on the EM field of the falling particle become stronger.
Since naked singularities seem to be possible intermedi-
ate stages in the gravitational collapse of regular matter
(see, e.g. [7] and References therein), one can view the
falling source as a component of the forming collapsed
object. Our results may then contribute to the under-
standing of the (in)stability of naked singularities. The
intensity of the radiation shows an interference-like effect
which would provide observers with a distinctive signa-
ture for the presence of a dilatonic component in strong
gravitational fields.
2In the following Section, we shall review the JNW so-
lution and express it in terms of the parameter which
allows the Schwarzschild limit to be approached in a
smooth manner. This property will be used later to de-
fine a quasi-Schwarzschild regime, particularly suited for
analyzing (asymptotically) small deviations away from
Schwarzschild. We then show in Section III how to study
electromagnetic waves on such a background using the
NP formalism [4]. In Section IV we solve the Maxwell
equations using Green function techniques. We finally
summarize and comment our results in Section V.
We use units with G = c = 1 and follow the conven-
tions of Ref. [4].
II. JNW SOLUTION AND SCHWARZSCHILD
LIMIT
The JNW metric is a static, spherically symmetric
and electrically neutral solution of the field equations ob-
tained by varying the action
S =
1
16
∫
d4x
√−g
[
R− 1
2
(∇Φ)2
]
−
∫
d4x
√−g e−qΦ F 2 , (1)
in which R is the scalar curvature of the metric gµν ,
whose determinant is denoted by g, F is the EM field
strength and note that the dilaton Φ is included inside
the gravitational Lagrangian. Further, the coupling con-
stant q > 0 between the EM field and the dilaton has
also been exponentiated.
For the purpose of studying linear perturbations in the
NP formalism [4], it is convenient to write the JNW met-
ric [2] as
ds2 =
∆
ρ2
dt2 − ρ
2
∆
dr2 − ρ2 dΩ2 , (2)
where dΩ2 = dθ2 + sin2 θ dφ2,
ρ2 = (r − r−)1−a (r − r+)1+a
∆ = (r − r−) (r − r+) ,
(3)
and the dilaton field is then
Φ =
√
1− a2 ln
(
r − r−
r − r+
)
. (4)
Note that, with respect to the original Ref. [2], a = 1/µ
and we have introduced new parameters
r− = +
r0
2
1− a
a
r+ = −r0
2
1 + a
a
.
(5)
Although the JNW metric contains only two indepen-
dent parameters [2], the Schwarzschild limit is more con-
veniently obtained by treating a, r− and r+ as indepen-
dent (we just assume r− < r+) and separately taking the
limits
r− → 0 and a→ −1 . (6)
The Schwarzschild horizon is then given by rh ≡ 2M =
r+ [12].
The relevant dilatonic quantity is the spatial derivative
∂rΦ =
√
1− a2 (r− − r+)
(r − r−) (r − r+) , (7)
which determines the energy-momentum tensor
Tµν = δ
r
µ δ
r
ν (∂rΦ)
2 − 1
2
gµν g
rr (∂rΦ)
2
. (8)
In particular, the non-vanishing components diverge at
r = r+,
T tt ∼ T rr ∼ T θθ ∼ T φφ ∼
1− a2
(r − r+)2+a . (9)
and r+ is therefore a naked real singularity. Further,
since ρ(r+) = 0, such a singularity is point-like and val-
ues of r < r+ can be considered as unphysical [13]. Let
us finally note that the energy-momentum tensor prop-
erly vanishes in the limit a → ±1 (corresponding to the
Schwarzschild vacuum).
The convenient feature of the limit in Eq. (6) is that
it is smooth in r− and a. This allows us to introduce a
quasi-Schwarzschild regime [corresponding to a “small”
deviation away from the limit (6)] for the region outside
the “horizon” (0 < rh < r). It is defined by
r− = 0 and a = −1 + 2 x2 , (10)
with 0 ≤ x≪ 1. In particular, for small x, one finds that
the metric (2) reduces to Schwarzschild plus corrections
of order x2,
ds2 ≃ −
[
1− (1 − 2 x2) rh
r
− x2 r
2
h
r2
]
dt2
+
[
1 + (1− 2 x2) rh
r
]
dr2 + r2 dΩ2 , (11)
where rh ≡ r+. The ADM mass for the above metric is
given by the usual Schwarzschild relation
M =
rh
2
, (12)
and the relevant PPN parameters [1] by [14]
α = γ = 1− 2 x2
β = 1− 6 x2 .
(13)
3In the same approximation, the derivative of the dilaton
becomes
∂rΦ ≃ − 2 x
r − rh
rh
r
∼ −2 x rh
r2
, (14)
from which one can see that x is a measure of the dilaton
strength for large r (note that ∂rΦ diverges for r → rh
for all values of x > 0).
The Eqs. (13) yield a quantitative way of estimating
how small the deviations from the Schwarzschild solution
are in the weak field zone (r ≫ rh). From solar test
measurements one can therefore read off the bound x2 .
10−5 [1], which can then be substituted into Eq. (14) to
obtain the upper limit of the admissible dilaton strength.
Since no direct measurement in the strong field regime
is available, the strength of the dilaton field cannot be
bounded for r ∼ rh.
III. DILATONIC STARS
As we mentioned in the Introduction, the first case
we consider is that of a spherically symmetric source for
the EM waves placed at the center, so that it can also
be identified with the source of the JNW gravitational
and dilaton fields. In order to study Maxwell’s equations
in this context, we shall take advantage of the spherical
symmetry by employing the NP formalism [4].
A. Maxwell waves in NP formalism
We first choose the following contravariant components
of the NP tetrad,
li =
[
ρ2
∆ , 1 , 0 , 0
]
ni =
[
1
2 , − ∆2 ρ2 , 0 , 0
]
(15)
mi =
[
0 , 0 , 1√
2 ρ2
, i cosec(θ)√
2 ρ2
]
.
The Maxwell field is now completely described by the
three complex scalars
φ0 ≡ Fij limj
=
ρ3√
2∆
[
Eθ +Bϕ + i sin(θ)
(
Eϕ − Bθ)]
φ1 ≡ 1
2
Fij
(
li nj +mi∗mj
)
=
ρ4Er
2∆2
(
1 +
∆2
4 ρ4
)
(16)
φ2 ≡ Fij mi∗ nj
= − ρ
2
√
2
[
Eθ −Bϕ + i sin(θ) (Eϕ +Bθ)] ,
where Ei and Bi are the usual electric and magnetic
components. The φi must satisfy the equations [9]
(Dˆ − 2 ρ˜)φ1 − (δˆ∗ + π˜ − 2 α˜)φ0 + κ˜ φ2 = J1 (17a)
(δˆ − 2 τ˜)φ1 − (∆ˆ + µ˜− 2 γ˜)φ0 + σ˜ φ2 = J3 (17b)
(Dˆ − ρ˜+ 2 ǫ˜)φ2 − (δˆ∗ + 2 π˜)φ1 + λ˜ φ0 = J4 (17c)
(δˆ − τ˜ + 2 β˜)φ2 − (∆ˆ + 2 µ˜)φ1 + ν˜ φ0 = J2 , (17d)
with the dilatonic currents
J1 =
q
2
[
(φ1 + φ
∗
1) Dˆ − φ0 δˆ∗ − φ∗0 δˆ
]
Φ (18a)
J2 =
q
2
[
(φ1 + φ
∗
1) ∆ˆ− φ2 δˆ − φ∗2 δˆ∗
]
Φ (18b)
J3 =
q
2
[
(φ1 − φ∗1) δˆ − φ0 ∆ˆ + φ∗2 Dˆ
]
Φ (18c)
J4 =
q
2
[
(φ1 − φ∗1) δˆ∗ + φ∗0 ∆ˆ− φ2 Dˆ
]
Φ . (18d)
In the above, tilded quantities are spin coefficients, and
hatted quantities represent differential operators. In par-
ticular, the non-vanishing spin coefficients for the JNW
metric (2) and tetrad (15) are given by
ρ˜ = −2 r + r+ (a− 1)− r− (a+ 1)
2 (r − r−) (r − r+)
µ˜ =
2 r + r+ (a− 1)− r− (a+ 1)
4 (r − r−)1−a (r − r+)1+a
α˜ = −β˜ (19)
= −
√
2 cotan(θ)
4 (r − r−) 1−a2 (r − r+) 1+a2
γ˜ =
a (r− − r+)
4 (r − r−)1−a (r − r+)1+a .
Further, the time dependence of the EM waves is taken
to be φi ∼ exp (+i ω t), so that the differential operators
appearing in the Maxwell equations become
Dˆ = ∂r + i
ρ2
∆
ω
∆ˆ = − ∆
2 ρ2
(
∂r − i ρ
2
∆
ω
)
δˆ =
1√
2 ρ2
[∂θ −m cosec(θ)]
δˆ∗ =
1√
2 ρ2
[∂θ +m cosec(θ)] .
(20)
Upon substituting the above expressions into
Eqs. (17a)-(17d), one obtains the following four
equations [15]
4[
∂r +
2 r + r+ (a− 1)− r− (a+ 1)
(r − r−) (r − r+) + i
(
r − r+
r − r−
)a
ω
]
φ1 − ∂θ + cosec(θ) [m+ cos(θ)]√
2 (r − r−) 1−a2 (r − r+) 1+a2
φ0
=
q
2
(φ1 + φ
∗
1) ∂rΦ (21a)
[
∂r +
2 r − r+ (a+ 1) + r− (a− 1)
2 (r − r−) (r − r+) − i
(
r − r+
r − r−
)a
ω
]
φ0 +
√
2
∂θ −m cosec(θ)
(r − r−) 1+a2 (r − r+) 1−a2
φ1
=
q
2
[
φ0 + 2
(
r − r+
r − r−
)a
φ∗2
]
∂rΦ (21b)
[
∂r +
2 r + r+ (a− 1)− r− (a+ 1)
2 (r − r−) (r − r+) + i
(
r − r+
r − r−
)a
ω
]
φ2 − ∂θ +m cosec(θ)√
2 (r − r−) 1−a2 (r − r+) 1+a2
φ1
= − q
2
[
φ∗0
2
(
r − r+
r − r−
)a
+ φ2
]
∂rΦ (21c)
[
∂r +
2 r + r+ (a− 1)− r− (a+ 1)
(r − r−) (r − r+) − i
(
r − r+
r − r−
)a
ω
]
φ1 +
√
2
∂θ − cosec(θ) [m− cos(θ)]
(r − r−) 1+a2 (r − r+) 1−a2
φ2
= − q
2
(φ1 + φ
∗
1) ∂rΦ , (21d)
which we now proceed to study in a suitable limit.
B. Quasi-Schwarzschild solutions
We are interested in deviations from Schwarzschild in-
duced by a background dilaton (4) which is experimen-
tally unobservable in the weak field regime. We will
therefore look for solutions to Eqs. (21a)-(21d) in the
quasi-Schwarzschild regime defined by Eq. (10), bearing
in mind that the parameter x is constrained by solar sys-
tem tests via Eqs. (13) as we mentioned previously.
Upon expanding in x, Eq. (21a) becomes
[
∂r +
2
r
(
1 +
x2rh
r − rh
)
+
i ω r
r − rh
(
1 + 2 x2 ln
r − rh
r
)]
φ1 −
(
1− x2 ln r − rh
r
)
∂θ + cosec(θ) [m+ cos(θ)]√
2 r
φ0
≃ −q x rh
√
1− x2
r (r − rh) (φ1 + φ
∗
1) , (22)
and analogous expressions are obtained for Eqs. (21b)-
(21d). Note that the currents on the right hand sides
contain terms proportional to x which are not on the left
hand sides. One can then discard all terms of order x2
(and higher) and finally obtains
(
∂r +
2
r
+
i ω r
r − rh
)
φ1 − ∂θ + cosec(θ) [m+ cos(θ)]√
2 r
φ0 = −q x rh (φ1 + φ
∗
1)
r (r − rh) (23a)
(
∂r +
1− i ω r
r − rh
)
φ0 +
√
2 ln
(
1− rh
r
) ∂θ −m cosec(θ)
r − rh φ1 = −
q x rh
r − rh
(
φ0
r
+
2φ∗2
r − rh
)
(23b)
5(
∂r +
1
r
+
i ω r
r − rh
)
φ2 − ∂θ +m cosec(θ)√
2 r
φ1 = q x
rh
r
(
φ∗0
2 r
+
φ2
r − rh
)
(23c)
(
∂r +
2
r
− i ω r
r − rh
)
φ1 +
√
2 ln
(
1− rh
r
) ∂θ − cosec(θ) [m− cos(θ)]
r − rh φ2 = q x
rh (φ1 + φ
∗
1)
r (r − rh) , (23d)
where the left hand sides equated to zero are just the
wave equations for the EM waves in Schwarzschild.
It is now possible to expand the φi’s in powers of x,
φi = φ
(0)
i + xφ
(1)
i , (24)
where the φ
(0)
i ’s solve the above Eqs. (23a)-(23d) with
vanishing right hand sides. Hence the φ
(1)
i ’s must solve
Eqs. (23a)-(23d) with x = 1.
In the phantom gauge (φ0 = φ2 = 0 [4]), φ
(1)
1 should
simultaneously satisfy the four equations
(
∂r +
2
r
± i ω r
r − rh
)
φ
(1)
1 = ∓q
rh
(
φ
(1)
1 + φ
(1)∗
1
)
r (r − rh) (25a)
[
∂θ ± m
sin(θ)
]
φ
(1)
1 = 0 . (25b)
Eqs. (25b) imply that φ
(1)
1 = φ
(1)
1 (r). Further, Eqs. (25a)
can be written as(
∂r +
2
r
)
φ
(1)
1 = 0
i ω φ
(1)
1 = −2 q
rh
r
Re
(
φ
(1)
1
)
,
(25c)
and the second condition leads to φ
(1)
1 = 0. Since the
phantom gauge usually holds for the background solu-
tion, this is in agreement with the fact that there is no
background EM field in the JNW solution.
For EM waves it is possible to set φ
(1)
1 = 0 [16] and
define
W0 ≡ φ(1)0
W2 ≡ −2φ(1)∗2 ,
(26)
which must then solve the equations [17][
∂θ +
m+ cos(θ)
sin(θ)
]
W0 = 0 (27a)
(
∂r +
1− i ω r
r − rh
)
W0 =
q rh
r − rh
(
W2
r − rh −
W0
r
)
(27b)
(
∂r +
1
r
− i ω r
r − rh
)
W2 =
q rh
r
(
W2
r − rh −
W0
r
)
(27c)
[
∂θ − m− cos(θ)
sin(θ)
]
W ∗2 = 0 . (27d)
Note that the angular parts of W0 ≡ S0(θ, ϕ)R0(r) and
W2 ≡ S2(θ, ϕ)R2(r) satisfy the independent Eqs. (27a)
and (27d). They are thus spherical harmonics with S0 =
S2 = Y
m
l (θ, ϕ), the same as for q = 0. Consequently,
the remaining Eqs. (27b) and (27c) become purely radial
equations for the Ri(r)’s,
R0(r) = e
i σ(r)X(r)
R2(r) = e
i σ(r) Y (r) .
(28)
The real phase σ is the same for both fields and satisfies
the purely Schwarzschild equation
dσ
dr
=
ω r σ
r − rh . (29)
Hence, φ0 ∼ R0 represents the ingoing modes while
φ2 ∼ R∗2 stands for the outgoing modes. The presence of
terms (proportional to q) which mix ingoing with outgo-
ing modes immediately implies that outgoing radiation
emitted by the central source would partly back-scatter
into ingoing waves. Thus the expected dilaton effect is
to make the source less bright (see the next Subsection
for more quantitative estimates).
The general solutions to the homogeneous equations
are given by
φ
(0)
0 = A
e+i σ(r)
r − rh Y
m
l (θ, ϕ)
φ
(0)
2 = B
e−i σ(r)
r
Y −ml (θ, ϕ) ,
(30)
where σ solves Eq. (29) and the constants A and B must
be determined from the initial conditions.
The functions X and Y must solve(
∂r +
1
r − rh
)
X =
q rh
r − rh
(
Y
r − rh −
X
r
)
(31a)
(
∂r +
1
r
)
Y =
q rh
r
(
Y
r − rh −
X
r
)
. (31b)
Since E2 ∼ B2 ∼ 1/r2 for large r, admissible solutions
to Eqs. (31a) and (31b) should be of order 1/r or higher
6at large r, as occurs to the φ
(0)
i ’s. In fact, the particular
solutions are given by
X =
C
r − rh
[
q ln
(
1− rh
r
)
− 1
]
Y = q
C
r
ln
(
1− rh
r
)
,
(32)
where C is a constant. Note also that the limit
q → 0 yields a solution of the homogeneous (purely
Schwarzschild) equations (φ
(1)
0 = φ
(0)
0 and φ
(1)
2 = 0).
The exchange of energy between ingoing and outgoing
waves becomes more apparent by adding the homoge-
neous parts (30) and reshuffling the constants A, B and
C so as to write the general solution as
φ0 = A
e+i σ
r − rh
[
1 + x˜
B −A
A
ln
(
1− rh
r
)]
Y ml
φ2 = B
e−i σ
r
[
1 + x˜
B −A
B
ln
(
1− rh
r
)]
Y −ml ,
(33)
where x˜ ≡ q x > 0 is an effective coupling constant be-
tween the EM field and the dilaton, and the constants
A = Alm(ω) and B = Blm(ω) must be determined from
the initial conditions. There is obviously no initial condi-
tion (choice of A and B) which can produce just ingoing
(φ0) or just outgoing (φ2) waves.
C. Darkened stars
Let us denote by re > rh the outer radius of the cen-
tral star and consider the case A = 0, corresponding to
a purely outgoing mode φ2 in Schwarschild (x˜ = 0). The
ratio between the energy of such an EM wave (∼ φ22) at
the point of emission r = re and at the point of observa-
tion r = ro would be
ΓSchw ≃
[
φ
(0)
2 (re)
φ
(0)
2 (ro)
]2
∼
(
ro
re
)2
. (34)
The same quantity in JNW (evaluated to leading order
in x˜) is obtained from the solution in Eq. (33),
ΓJNW ∼
(
re
ro
)2 1 + 2 x˜ (1 − 1/B) ln(1− rhre
)
1 + 2 x˜ (1 − 1/B) ln
(
1− rhro
) , (35)
where B can be determined, e.g. from the energy Eo at
the point of observation,
B2 ∼ r2o Eo . (36)
On assuming that rh ≪ re ≪ ro (a safe assumption to
protect the star from the central singularity), one finds
ΓJNW ∼ ΓSchw
[
1− 2 x˜
(
1− 1
ro
√
Eo
)
rh
re
]
, (37)
which shows a peculiar dependence on the energy of the
wave. This dependence is not seen in the Schwarzschild
case. In particular, since x˜ > 0 and the term in round
brackets is positive for realistic cases, the flux is weaker
than in the Schwarzschild vacuum.
With respect to what was found for the Kerr-Newman-
dilaton black hole [6], let us note that the final result does
not show a frequency dependence. This can be under-
stood since the static case we are now considering has no
typical frequency, whereas the rotating case has intrinsic
angular velocity.
IV. FREELY FALLING SOURCE
A possible source of electromagnetic radiation from a
dilatonic black hole is the radiation emitted by a charged
particle falling freely into the black hole. In fact, the
curved background distorts the EM field of the falling
charge and causes the latter to release energy as though
it were being accelerated in a Lorentz frame.
For practical purposes, it is more convenient to regard
the falling charge Q as distorting the background EM
field F
(0)
µν of the black hole, and expand the exact Fµν to
linear order in Q as
Fµν = F
(0)
µν +QF
(1)
µν . (38)
Since in our case F
(0)
µν = 0, the perturbed EM tensor ele-
ments F
(1)
µν are determined by the Maxwell-dilaton equa-
tion
∂ν
(√−g e−qΦ F (1)µν) = 4 π√−g jµ , (39)
where Qjµ is the current associated with the falling
charge. The metric tensor elements are given in Eq. (2)
and, in order to solve the set of Eqs. (39), the (antisym-
metric) perturbations F
(1)
µν are conveniently expanded in
tensor harmonics [10]
F (1)µν =


0 f01 Y
m
l f02 ∂θY
m
l −f02 sin(θ) ∂φY ml
∗ 0 f12 ∂θY ml f12 ∂φY ml
∗ ∗ 0 0
∗ ∗ 0 0


,(40)
where the fij ’s depend only on r and t (and carry integer
indices l and m which we omit), the Y ml ’s are again the
normalized spherical harmonics, and the asterisks (∗) de-
note the negative of the corresponding transposed tensor
element. The field tensor given in Eq. (40) is for elec-
tric multipoles. Further, using the field equations all of
the tensor elements F
(1)
µν can be put in terms of a single
element, say f12.
The function f12 is assumed to be of the form
f12(r, t) = fˆ12(r) exp(i ω t) . (41)
7Upon substitution of this expression into the equation for
f12 and expanding to first order in x˜ ≡ q x, the function
fˆ12 satisfies the equation
d2fˆ12
dr2
+
rh (3 + 2 x˜)
r (r − rh)
dfˆ12
dr
+
[
ω2 r2
(r − rh)2 −
rh (2 r − 3 rh)
r2 (r − rh)2 (1 + 2 x˜)−
l (l + 1)
r (r − rh)
]
fˆ12 = S(r) , (42a)
where the source term is given by
S(r) = − e
i ω T (r)
(r − rh)2
[
1− 2 x˜ ln
(
1− rh
r
)]
, (42b)
and
T (r) = rh
[
2
r1/2
r
1/2
h
− 2 r
3/2
3 r
3/2
h
+ ln
(r/rh)
1/2 − 1
(r/rh)1/2 + 1
]
(42c)
is the time (to order x˜2) for the particle to fall from ∞
to the point r.
A. Green’s function method
Eq. (42a) is a typical Sturm-Liouville problem which
can be solved with the aid of the Green’s function
G(r, r′). The latter is defined, for r 6= r′, as a solution
of the homogenous equation obtained from Eq. (42a) by
setting S(r) = 0 and, for r = r′, by the boundary condi-
tion G(r, r) = 1. In terms of G the solution of Eq. (42a)
is then given by
fˆ12(r) =
∫
G(r, r′)S(r′) dr′ , (43)
where S(r) is the source term (42b)
The homogenous equation which determines G is of
the form
A2G
′′ +A1G
′ +A0G = 0 , (44)
where the coefficients Ai are determined by comparison
with Eq. (42a) and a prime denotes the partial derivative
with respect to the first argument of G = G(r, r′).
Before attempting to solve Eq. (44) numerically, it is
interesting to estimate analytically the effect of the dila-
ton at large distance from the singularity. We fist expand
the coefficients Ai’s in powers of 1/r and keep only next-
to-leading terms. Then we expand the Green’s function
in powers of x˜ and write G = G0 + x˜ G1. To order x˜
0,
Eq. (44) then yields
LˆG0 ≡
(
1 + 3
rh
r
)
G′′0 − 3
rh
r2
G′0 + ω
2
(
1 +
5 rh
3 r
)
G0
= 0 (45a)
and, to order x˜1,
Lˆ G1 = ω
2 5 rh
3 r
G0 ≡ SG . (45b)
One thus finds that G1 satisfies the same equation as
G0 plus a source term determined by G0 which does not
vanish too rapidly at large r. One can therefore expect
significant corrections with respect to the Schwarzschild
case (x˜ = 0) at relatively large distances from the central
singularity.
It is not necessary to solve Eq. (45b) explicitly. One
can instead include the right hand side of Eq. (45b) in
the source S and write the solution to Eq. (42a) simply
in terms of G0 as
fˆ12(r) =
∫
G0(r, r
′)S0(r
′) dr′ + x˜
∫
G0(r, r
′)S1(r
′) dr′
+x˜
∫
G1(r, r
′) [S0(r
′) + SG(r
′)] dr′
= (1 + x˜)
∫
G0(r, r
′)S0(r
′) dr′
+x˜
∫
G0(r, r
′) [S1(r
′) + SG(r
′)] dr′ , (46)
in which we also expanded S = S0 + x˜ S1 and retained
terms to order x˜1.
Unfortunately Eq. (45a) is already rather complicated,
and the terms of higher order in 1/r which we dropped
make the problem intractable analytically. Hence, we
proceed now to solve Eq. (42a) numerically and discuss
the energy distribution.
B. Numerical results
Once the function fˆ12 has been determined, the energy
distribution corresponding to the angular mode l and av-
eraged over the complete solid angle is given by〈
dE
dω
〉
=
l (l + 1)
2 π
fˆ12 fˆ
∗
12 . (47)
The energy distribution (47) is plotted as a solid line in
Fig. 1 for unit charge Q and black hole massM (= rh/2)
and with the angular mode l = 1. The energy of the
radiation is
∆E ≃ C(4)
Q2
M
, (48)
81
Q2
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dω
2
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FIG. 1: Energy distribution for a particle of unit charge falling
into a four-dimensional black hole of mass M .
where C(4) is the area under the curve. The secondary
peak at higher frequencies in this distribution distin-
guishes the dilatonic black hole from the Schwarzschild
black hole, which has only one peak (see the 2nd Refer-
ence of [10]). This suggests an interference between the
dilatonic and tensor contributions to the electromagnetic
field components. The secondary peak has an amplitude
which is an appreciable fraction of the higher peak at
ω ≈ 2.7. Such a peak should be relatively easy to de-
tect. The observation of such an interference term would
be evidence for the existence of a scalar component of
gravity.
V. CONCLUSIONS
We have analyzed the propagation of EM waves in the
background of the Janis-Newman-Winicour (JNW) solu-
tion. To obtain manageable expressions describing the
relevant physical quantities, e.g. the energy of the emit-
ted waves and the intensity as a function of frequency, we
have had to expand the metric tensor elements in terms of
a small parameter x˜ which measures the deviation of the
JNW solution from the Schwarzschild solution at large
distance from the singularity. This is a reasonable thing
to do because the effect of a scalar component of grav-
ity on the aforementioned quantities is most likely small.
We have applied the resulting expansions to two cases of
physical interest.
The first case is that of a star with a dilatonic field.
We have obtained approximate analytic expressions for
the ingoing and outgoing wave functions in terms of the
small expansion parameter, x˜. From these expressions
we can calculate the luminosity of the object emitting
the radiation and we find that its luminosity is reduced
by the dilaton background. Such a reduction would af-
fect the luminosity-to-distance relations that are used to
determine the distance of astrophysical objects.
In the second case we have described the emission from
a point-like charged particle freely falling in the chosen
background. In this case the JNW metric is expanded in
terms of the small parameter x˜ in order to obtain a sim-
ple form for the second order differential equation whose
solution is (the Fourier transform of) the wave ampli-
tude. We have checked that setting the parameter x˜ to
zero gives the same differential equation as was obtained
in [10] for the Schwarzschild case. For nonzero x˜ the
frequency distribution curve dE/dω differs significantly
from that obtained for the Schwarzschild metric. Mod-
els of the radiation from compact astrophysical sources
incorporating this effect would provide a test of the exis-
tence of a scalar component of gravity.
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